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Abstract 

We review the OSp(l|4)-invariant formulation of = 1, D = 4 super- 
gravity and present its noncommutative extension, based on a ^-product orig- 
inating from an abelian twist with deformation parameter 9. After use of a 
geometric generahzation of the Seiberg-Witten map, we obtain an extended 
(higher derivative) supergravity theory, invariant under usual OSp{l\4) gauge 
transformations. Gauge fixing breaks the 0S'p(l|4) symmetry to its Lorentz 
subgroup, and yields a Lorentz invariant extended theory whose classical limit 
— )• is the usual A = 1, D = 4 AdS supergravity. 
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1 Introduction 



We present a noncommutative (NC) extension of the 0S'p(l|4)-invariant action of 
N = 1, D = 4 anti-De Sitter supergravity , obtained by the use of a twisted 
product, and a geometric generahzation of the Seiberg-Witten map [I]. We thus 
find a higher derivative extension of 0Sp{l\4:) supergravity where the higher order 
couphngs are dictated by the noncommutative structure of the original NC action. 
The resulting extended theory is geometric (diffeomorphic invariant) and gauge 
invariant under usual 05'p(l|4) gauge transformations. 
Noncommutativity of spacetime coordinates 

[x''^x''] = ie^"' (1.1) 

is a recurrent theme in physics, being advocated already by Heisenberg in the 
hope that uncertainty relations between spacetime coordinates could resolve UV 
divergences arising in quantum field theory [2j. This motivation still holds, in 
particular for nonrenormalizable theories of gravity where finiteness is the only 
option for consistency. The issue was explored initially by Snyder in [3], and since 
then noncommutative geometry has found applications in many branches of physics, 
in particular in the last two decades. Some comprehensive reviews can be found in 
references % 0, [6], [7], [8], [9], [10]. 

Relations (11. ip provide a (kinematical) way to encode quantum properties di- 
rectly in the texture of spacetime. Field theories on noncommuting spacetime can 
be reformulated as field theories on ordinary (commuting) spacetime, but with a 
deformed :*r-product between fields. When the deformation originates from a twist, 
as in the present paper, the resulting ^-product is a twisted product, associative 
and noncommutative. 

This product between fields generates infinitely many derivatives and introduces 
a dimensionful noncommutativity parameter 9. The prototypical example of twisted 
product is the Moyal-Groenewold product [Hj (historically arising in phase-space 
after Weyl quantization [12]) : 

fix) ^ six) ^ exp [^0'^'^^,^) mg{y)\y^. 

with a constant 9. Using this deformed product one finds x^ -k x'^ — x'^ -k x^ = i9^'^, 
realizing the commutation relations (11. ip . 

A straightforward generalization is provided by the twisted :*r-product, where 
the partial derivatives in (II. 2p are replaced by a set of commuting tangent vectors 
Xa = Xj^d^. Dealing with (super)gravity theories, it is desirable to extend the 
twisted ^-product to forms. This can be done simply by replacing the tangent 
vectors Xa-, acting on functions, with Lie derivatives along Xa, acting on forms. 
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Replacing products between fields with ^-products yields nonlocal actions (called 
twisted, or NC actions), containing an infinite number of new interactions and 
higher derivative terms. In this way twisted Yang-Mills theories in flat space have 
been constructed (see for ex. [131 EH 115]), as well as twisted metric gravity [ISl 
[TU] . NC D = 4 vielbein gravity has been treated in [T71 |T2], where deformations 
of conformal gravity and complex vielbein gravity were considered, and in ^19j, 
where a U-^{2,2) gauge invariant NC action with constraints was proposed as a 
NC deformation of Einstein gravity. More recently twisted vielbein gravity and its 
couplings to fermions [20], gauge fields |21] and scalars |22] have been constructed, 
as well as a NC deformation of D = 4, = 1 supergravity [23]. 

These twisted theories are invariant under deformations of the original symme- 
tries. For example the NC action for gauge fields is : 

S = ^^jTr{F,,^F,,) (1.3) 

where 

F^,u = d^A, - d,A^ - {A^ ^A,-A,^ A^) (1.4) 

A^ = A^Ti, Tr{T^T^) = 5" (1.5) 

The noncommutative gauge transformations: 

5eA^, = d^e-{A^-ke-e-kA^,) (1.6) 
5eF^, = -{F^,^e-e^F^,) (1.7) 

leave the action invariant, because of the cyclicity of the trace, and of the property 

Jf^9 = j9*f (1.8) 

(cyclicity of integral) holding up to boundary terms. 

Noncommutativity apparently comes with a price, i.e. a proliferation of new 
degrees of freedom. This can be understood by considering the ^-deformation of 
the Yang-Mills field strength: 

F^T, = d.AiTj - d^A^Tj - (4 ^Ai-Ai^ A^T^Tj (1.9) 

Because of noncommutativity of the ^-product, anticommutators as well as commu- 
tators of group generators appear in the right-hand side, and therefore the T/ must 
be a basis for the whole universal enveloping algebra of G. Thus I runs in prin- 
ciple on the infinite set of universal enveloping algebra elements (all symmetrized 
products of the original gauge generators) and the number of independent field 
components increases to infinity. This proliferation can be reduced by choosing 
a specific representation for the generators Tj. For example if the gauge group is 
SU (2) and we take its generators to be the in the defining 2x2 representation, these 
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are just the Pauli matrices, and a basis for the enveloping algebra only requires an 
additional matrix proportional to the unit matrix. 

We may get rid even of these additional degrees of freedom if we use the Seiberg- 
Witten map, which allows to express all the fields appearing in the NC action 
(usually called the NC fields) in terms of series expansions in 9 containing only the 
original fields of the undeformed theory, the so called classical fields. The map is 
engineered so that the classical gauge transformations on the classical fields induce 
the NC gauge transformations on the NC fields. In the SU{2) example, the map 
relates the four noncommutative fields to the three classical SU{2) gauge fields. 

Substituting in the action the NC fields with their expressions in terms of the 
classical fields yields an infinite series in powers of 9, whose 0-th order term is the 
classical action. This higher derivative action is invariant under the classical gauge 
variations^ since these by construction induce the NC symmetries of the NC action. 
Every higher order term in the 9 expansion is actually separately invariant, because 
the classical symmetries do not involve 9. 

With this procedure the NC deformation of vielbein gravity, found in [20], has 
been re-expressed in [21] in terms of the classical vielbein and spin connection, and 
its Lorentz invariant (and higher derivative) geometric action has been computed 
up to second order in the noncommutativity parameter [25]. The SW map was also 
used in [TD] to compute the first order correction of the deformed f7^(2,2) gauge 
invariant and constrained theory. We also mention the NC extension of S0{2,?>) 
AdS gravity of ref. [26], which contains its expansion to order 9"^, and ref. [27] 
where the SW map for pure gravity is examined at second order. 

In the present paper we apply this method to OSp{l\^) supergravity. For re- 
views on the OSp{l\'i) formulation of supergravity see for example [2S | [2 ^ 150]. The 
classical theory contains the vielbein V"", the spin connection 00°"^, the gravitino -i/; 
and nondynamical auxiliary fields (a scalar, a pseudoscalar, a vector and a spin 1/2 
fermion) necessary to ensure the full off-shell invariance (and closure) under local 
OSp{l\A) gauge transformations. The auxiliary fields satisfy 0<S'p(l|4)-invariant 
constraints. The OSp{l\'i) symmetry can be exploited to reach a gauge (the sol- 
dering gauge) in which the auxiliary fields take constant values. This gauge choice 
breaks the supergroup 0Sp{l\4) to its Lorentz 5'C'(1,3) subgroup, and reproduces 
the Mac Dowell-Mansouri action [31], equivalent up to boundary terms to the action 
of usual N = 1, D = A anti De Sitter supergravity. For this action supersymmetry 
is not a gauge symmetry any more, since it gets broken along with the translations 
(the 150(2,3) boosts). However supersymmetry is still "alive" in the gauge fixed 
theory. This can be seen in two distinct ways: 

i) by solving the supertorsion constraint and passing to second order formalism 
(expressing the spin connection in terms of the vielbein and the gravitino fields) 

ii) or, remaining in first order formalism, by an appropriate modification of the 
spin connection supersymmetry variation [33j . 

Note that the supersymmetry transformations leaving the gauge fixed action 
invariant do not close off-shell (whereas the 0Sp{4:\l) gauge variations close off 



3 



shell by construction). 

After deforming the product in the 0S'p(l|4) supergravity action, and using the 
geometric Seiberg-Witten map , the resulting higher derivative theory contains the 
same fields as the classical theory, and is invariant under the same local OSp{l\A) 
symmetries. 

The reason we start from the 0Sp{l\4) gauge-invariant theory resides in that 
all local symmetries (except general coordinate invariance) are contained in a gauge 
supergroup. The derivation of the Seiberg-Witten map in |1| is purely algebraic, and 
nothing changes in the derivation if groups are replaced by supergroups, connections 
by superconnections etc. In the present paper we apply the map to 0Sp{l\4:) 
superconnections and supermatrix (adjoint) auxiliary fields, containing all the fields 
of = 1, D = 4 supergravity. Thus we are guaranteed that supersymmetry (part 
of the 0Sp{l\4) symmetry) survives in the extended theory. 

By choosing the same gauge as in the classical theory (the gauge group 0Sp{l\4:) 
is the same), we obtain an extended theory containing only the vielbein, spin con- 
nection and gravitino fields, reducing in the commutative limit to A = 1, D = 4 
AdS supergravity. 

The "mother", non gauge-fixed extended theory is 05'p(l|4)-invariant, and as 
such is a locally supersymmetric higher derivative theory. The price to pay for 
realizing this local gauge supersymmetry (closing off-shell) is the presence of con- 
strained auxiliary fields. 

The plan of the paper is as follows. In Section 2 we briefly review 0Sp{l\4:) 
supergravity. In Section 3 we recall its manifestly 05*^(1 |4)-invariant action. The 
noncommutative deformation is presented in Section 4. Section 5 deals with the ge- 
ometric Seiberg-Witten map, applied in Section 6 to obtain the extended 0Sp{l\4:) 
supergravity action to second order in 6. Section 7 contains some conclusions. 

2 Classical 0Sp{l\4:) supergravity 

2.1 Geometric MacDowell - Mansouri action 

The Mac Dowell-Mansouri action [31] for N = 1, D = 4 supergravity can be recast 
in an index-free form: 



where the trace is taken on spinor indices, and the 2-form curvatures R (bosonic) 
and S (fermionic) originate from the 1-form 05*^(114) connection supermatrix: 




(2.1) 




a 



(2.2) 



whose corresponding 0Sp{l\4:) curvature supermatrix is 




(2.3) 
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Immediate matrix algebra yield^l: 



R = 




lab - ^R^la 




S = 


di/j — 






E = 









(2.4) 
(2.5) 
(2.6) 



with 



R"^ = du"^ - u'^'u''' + VV^ + ^^t'^V (2.7) 
= dV" - u^^V^ - ^^7> (2.8) 
We have also used the Fierz identity for 1-form Majorana spinors: 

^^ = ^(^7>7a-^^7'^V7a6) (2.9) 

(to prove it, just multiply both sides by 7c or '^cd and take the trace on spinor in- 
dices). The 1-forms V"', a;"'' and i/j are respectively the vielbein, the spin connection 
and the gravitino field (a Majorana spinor, i.e. "0 = ip'^C, where C is the charge 
conjugation matrix). 

Carrying out the spinor trace in the action (12. ip yields the familiar MacDowell- 
Mansouri action: 

S = 2j Ji?-^" A R'^Sabcd - 22S A 75S (2.10) 
After inserting the curvature definitions the action takes the form 

S = J TZ'^'V^Vsabcd + ^Plal^W + ^{V^V'V'V + 2i,r''Wy'')eabcd (2.11) 
with 

-R"^ = du"^ - uj''^u'\ p = dilj-^u''''-fabip = Vij (2.12) 

We have dropped the topological term 7l"'^7l^'^eabcd (Euler form) and used the grav- 
itino Bianchi identity 

Pp=-^7^'^V (2.13) 

and the gamma matrix identity 27^675 = iCabcdY'^ to recognize that \'JZ°'''ipj'^'^4'eabcd— 
4ip75p is a total derivative. Bianchi identities are easily obtained by taking the ex- 
terior derivative of the curvature definitions in f l2.3p . or in f l2.12p . The action fl2.1ip 
describes = 1, D = 4 anti-De Sitter supergravity, the last term being the su- 
persymmetric cosmological term. After rescaling the vielbein and the gravitino as 



^we omit wedge products between forms, and all index contractions involve the Minkowski 
metric riab 
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— )■ XV"', ■0 — )• y/Xi/j and dividing the action by A^, the usual (Minkowski) = 1, 
D = 4 supergravity is retrieved by taking the hmit A — 0. This corresponds to the 
Inonii-Wigner contraction of 0Sp{l\4:) to the superPoincare group. 

The action f l2.ip can be rewritten even more compactly using the 0Sp{l\4) 
curvature supermatrix R: 



p2 

S = 4:J STr(R(l + Y)Rr) (2.14) 
where STr is the supertrace and F is the following constant matrix: 

r . ( - « ) (2.15) 

All boldface quantities are 5x5 supermatrices. 

2.2 0Sp{l\4:) gauge variations 

The gauge transformation of the connection 

6en = de-ne + en (2.16) 
where e is the 0Sp{l\4) gauge parameter: 

becomes, on the component fields entering Q: 

600"^ = rfe"* - u'^'^e^^ + J'^e^'' - e^'Y^ + eV" - £7'^^ (2.18) 
SV" = de" - u^^e^ + e'^^V^ + ze7> (2.19) 

5^lJ = de- \u'^'iabe + V"7ae + \e'''labi' - '-e^jaip (2.20) 

Similarly from the gauge variation of the curvature R: 

5eR = -Re + eR (2.21) 

we find the gauge transformations of the curvature components: 

= -R'^'e"^ + - + e'^R'' - e7"^S (2.22) 

SR" = -R^'^e^ + e^^R^ + ie7''S (2.23) 

5S = --^R'^^iabe + ^i?'^7ae + ^e^Sa^S - ^e'^7„E (2.24) 

As is well known, the action f l2.14p . although a bilinear in the 0S'p(l|4) curvature, 
is not invariant under the 05*^(1 14) gauge transformations. In fact it is not a 
Yang-Mills action (involving the exterior product of R with its Hodge dual), nor a 
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topological action of the form / RR: the constant supermatrix F ruins the OSp{l\A) 
gauge invar iance, and breaks it to its Lorentz subgroup. This can be seen easily by 
noting that the gauge parameter in fl2.17p commutes with F only when restricted 
to Lorentz rotations (e" = e = 0), so that Lorentz rotations indeed leave the action 
invariant since the supertrace is cyclic. On the other hand a gauge parameter 
supermatrix containing also translation and/or supersymmetry parameters does 
not commute with F, and therefore the action is not invariant under 05*^(1 14) 
translations or supersymmetry transformations. 

However supersymmetry is still there: to see it one needs to modify the a;"'' 
supersymmetry transformation. 

2.3 Supersymmetry 

The (non vanishing) variation of the action (12.14p under gauge supersymmetry can 
be computed rather quickly by using 5R = [e, R] with e containing only the off- 
diagonal fermionic supersymmetry parameter e. The result is 

SS = -aJ Plaice (2.25) 

Now consider instead the variation of the action under an arbitrary variation of 
the spin connection u"''', i.e. the variation that defines the u"''' field equation. To 
compute it with a minimum of algebra, first vary fl2.14p with respect to O, and then 
set = 5ip = 0m5n as defined by (ES}. The result is 

5S = 16 J R^V^du'^eabcd (2.26) 

Requesting this variation to vanish for arbitrary du""^ yields the spin connection 
field equation = 0. 

Thus if we consider a supersymmetry variation of the action, where the variation 
of u""^ is modified by an extra piece (in addition to its gauge variation): 

Suj"''' = SgaugeUj"'' + ^extraOj"^ (2.27) 

the corresponding variation of the action f l2.14p will be 

SS=-AJ R\p^al^e - 25extraUj'"V''eal,cd) (2.28) 

This variation can be made to vanish in two distinct ways: 

1) by enforcing the constraint i?" = 0, which is really equivalent to the field equation 
of oj'^^. As is well known i?" = allows to express the spin connection u°'^ in terms 
of the vielbein and gravitino fields. Substituting back u'^^iy^ip) in the action leads 
to the supersymmetric action of AdS supergravity in second order formalism. In 
this formalism one never needs to vary the fields inside the "package" u"'^{y^ip), 



7 



since any variation of S due to 6u vanishes identically, being proportional to 
(then one works in the so-called "1.5 order formalism"). 

2) by choosing Sextra<^"''' so that 

P7a75e - 2SextraUj'''V^€abcd = (2.29) 

This equation can be solved for Sextra^"'^ in the same way one solves i?" = for u"'''. 
The result is 

4xtraW"^ = ^e"''^'^(prfe7c75e + pecldl^e - Pcdlel^e)V^ (2.30) 

where pcd are the components along the vielbein basis of the gravitino curvature, 
i.e. -p = PcdV'V. 

Thus the first order action fl2.14p is invariant under the supersymmetry trans- 
formations, given by eq.s fl2.20p for the vielbein and the gravitino: 

SV"" = -lej''^, Sip = de-^u''''-fabe = Ve (2.31) 

and by the modified rule for u"'^: 

(2.32) 

More details can be found for ex. in [29l 130] . 



3 The manifestly 05*^(1 |4)-invariant action 

Can we reformulate supergravity in an explicit 015^(1 |4)-invariant way? The answer 
is yes [311 133 HOI |36], and generalizes the S'0(2,3) formulation of AdS gravity of 
ref.s [371 EH EH Ho]- Indeed looking at f l2.14p . we see that promoting the constant 
matrix F to a field supermatrix $ transforming under 0Sp{l\4) as 

5$ = + (3.1) 

the action 5* becomes: 

■1-2 

S = j STr(R(l + — )R$) (3.2) 

and is manifestly 0S'p(l|4)-invariant. By doing so, we are introducing new, aux- 
iliary fields contained in We have to ensure, however, that a particular gauge 
choice exists such that $ reduces to the constant supermatrix F: only if this gauge 
choice exists the theory is equivalent to the one described by (12.140 . To satisfy this 
requirement we choose $ in the symmetric (traceless) 5 -dimensional representation 
of 0^p(l|4) |3l|: 

= I i^(^) + ^<^(%5 + 0"(a;)7a75 \ 
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Now translations and supersymmetries of 0Sp{l\4:) can be used to set 0" and ( to 
zero [3l]. Moreover, the 0S'p(l|4)-invariant constraint 

$3 ^ $ = (3.4) 

enforces tt = and = ±1, reducing $ to the constant supermatrix ±r (ignoring 
the trivial solution $ = 0. If we want to exclude it, we can instead impose the 
OS']5(l|4)-invariant constraints STr($^) = 4(const)^, STr($3) = see ref. [35]). 
The simplest way to implement the constraint (13. 4p is to add a (0S'p(l|4)-invariant) 
Lagrange multiplier term in the action: 

Sx = J STr(A$($2 + 1)$ D^D^D^D^) (3.5) 

where the Lagrange multiplier \{x) is proportional to the unit matrix, i.e. A(x) = 
A(a;)l, generalizing the analogous term in the 5*0(2, 3)-invariant formulation of 
gravity (see for ex. |39l|38]). Another interesting possibility is to give dynamics (cf. 
|34j ) to the fields 7r(a;) and (f){x) with a potential admitting a stable minimum for 
the values tt = and (p = const. 

This 05*^(114) gauge invariant formulation of = 1, D = 4 anti De Sitter 
supergravity is our starting point for a noncommutative supersymmetric extension. 

4 Noncommutative 0-52^(114) supergravity 
4.1 The NC action 

The NC theory is obtained by a T^r-deformation of the action in (13. 2p : 

S = y"sTr(R*(l + -5^) A^R.^$) (4.1) 

where the curvature 2-form R is now: 

R = dfi - fi O (4.2) 
and the ^-exterior product between forms is defined as 

oo / „• X n 

^ A. r' = ^ - ) e^^^^--- 9^"^" {Ix.^ ■■■iA„r)A {is, ■ ■ ■ l^y) 

n=0 

= rAr'+ '-e^^ilAT) A (^^r') + 1 Q)'^^^^^^^^^^(^^/^,r) A {Ib/b.t') + ■■■ 

(4.3) 

where ^A are Lie derivatives along commuting vector fields Xa- This noncommuta- 
tive product is associative due to [Xa, Xb] = 0. If the vector fields Xa are chosen to 
coincide with the partial derivatives d^, and if r, r' are 0-forms, then r*r' reduces 
to the well-known Moyal-Groenewold product [TT] . 
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The :*r-gauge transformations of the NC fields are: 

5gO = (ie-ri*e + e^f2 (4.4) 
= -$^e + e7^# (4.5) 

RecaUing the ^-gauge transformation of the curvature induced by (14.41) : 

5eR = -R^e + e*R (4.6) 

and the cychcity of the supertrace and of the integra @ , the action (gl]) is manifestly 
invariant under the ★-gauge symmetry. 

Because of noncommutativity, the ^-symmetry group is enhanced to f/(l,3|l) 
so as to contain all enveloping algebra generators. Thus the NC 1-form connection 
is given by 

^=[^ ^^l^'^'^at + tCO + CjJ.-'-V'^^a-'-V^lal, (4.7) 

and correspondingly the gauge parameter supermatrix e becomes 

6 = ( J ^ ) , e = \e^'7at + ^e + 575 - '^e'^la - ^7^75 (4.8) 

containing all the gauge parameters of the superalgebra [/(1,3|1). As usual in NC 
theories, the algebra of gauge transformations closes as follows: 

Consistency with the ★-gauge transformations requires for the 0-form $ a similar 
expansion: 

^=(^^^ = Ir'lab + + tcj)^, + + rial^ (4.10) 

The crucial difference between the two supermatrix fields fi and $ (besides their 
different form degree) is their commutative limit. We will see in Section 6 how 
the Seiberg-Witten map ensures that in the 6' — )■ limit f2 contains only C- 
antisymmetric gamma matrices (cf. (12. 2p ) and $ only C-symmetric gamma matri- 
ces (cf. ([331)). 

In analogy with the classical case we also require the ?7(1, 3|l)-invariant con- 
straint: 

$★$^$ + $ = (4.11) 

reducing to (13. 4p for — > 0. In alternative, we can require STr($ ★ $) = 4(const)^, 
STr(#^$*$) = 0. 



^twisted differential geometry is treated for ex. in [TU]; see the Appendix of [53] for a summary. 
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4.2 Hermiticity conditions and reality of the NC action 

In the expansions ( 14. 7p and (I4.10p all fields are taken to be real. This is equivalent 
to the relations 



-^o^2^o, = Vo^Vo, n=(^^Q ° ) (4.12) 



due to and 75 being 70 antihermitian (i.e. 7]^ = — 7o7ab7o etc), while 1, 7a and 
7a75 are 70 -hermitian. Noting that Fq = 1, and that the Fo-antihermiticity of Q 
implies Fo-antihermiticity of R, one easily proves that the NC action is real. 

4.3 Charge conjugation invar iance 

The NC action is also invariant under substitution of the fields by their charge 
conjugates 

= -c-^n^c ^ R^ = -c-^R^c, = c^^^^c, c = ^ J ^ (4.13) 

and simultaneously changing 6 into —6 in the ^-products. Indeed 

S"= = y Str(C-^R^C(l + ic-^$^CC-^$^C)C-^R^CC-i$^C)_e 
= J Str(R^(l + i$^$^)R^$^)_, 
= I Str($R(l + i$$)R)^ 

= J Str(R(l + i$$)R$)^ = S (4.14) 

using ciclicity of the integral and of the supertrace, and invariance of the super- 
strace under matrix transposition. We have defined {ABC...)0 to be the ★-(exterior) 
product between the forms A, B, C... and {ABC...)-0 to be the same product with 
opposite 9. Note that for ex. {AB)J = ±{B'^ A^)_g for A{x), B{x) matrix valued 
fields (the minus sign when A and B are both forms of odd degree), i.e. the trans- 
position acts only on the matrix structure of A and B. To interchange the ordering 
of A and B as functions of x one needs 9 —9, since {f i^g)e = (fi'*/)-6», as follows 
from the definition fll.2p . 



5 The geometric Seiberg-Witten map 

The results of this Section hold for any gauge group. Here we denote by VL the NC 
gauge field, and by e the NC gauge parameter. The Seiberg-Witten map relates Vt 
to the ordinary f2, and e to the ordinary e so as to satisfy: 

+ 5-vl{vl) = n{n + 4^) (5.1) 
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with 



5^n^ = d^e + eVt^ - Q^e , (5.2) 
S-fl^ = d^e + e-kClf.-^l^'ke . (5.3) 

In words: the dependence of the noncommutative gauge field on the ordinary gauge 
field is fixed by requiring that ordinary gauge variations of fl inside fl{fl) produce 
the noncommutative gauge variation of Q. 

Similarly noncommutative "matter fields" are related to the commutative ones 
by requiring 

$($, n) + s^{^, n) = $($ + 4$, n + 4^]) . (5.4) 

The conditions (15. ip . (15. 4p are satisfied if the following differential equations in 
the noncommutativity parameter 9^^ hold [H | 



^Q='-{Q^^,i^p + R^^},, (5.5) 

^ = Un^A,JL^M., (5.6) 



d0AB 4 

^^=^{^[A,^B]?}. , (5.7) 

where: 

• VLa^ Ra are defined as the contraction ia along the tangent vector Xa of the 
exterior forms f2, i?, i.e. VLa = iA^, Ra = ^aR- 

• The bracket [A B] denotes antisymmetrization of the indices A and B with weight 
1, so that for example VIiaRb] = ^(S^aRb — ^bRa)- The bracket { , }^ is the usual 
★-anticommutator, for example {^Ia, Rb}* = ^a * Rb + Rb * ^a- 

• The second differential equation holds for fields transforming in the adjoint rep- 
resentation. Notice that $ can also be an exterior form. The "fat" Lie derivative 
Ejb is defined hj Ejb = Ib + Lb where is the covariant Lie derivative along the 
tangent vector Xb', it acts on the field $ as 

with [Qb, = f2_B*$ — $*^^_B. In fact the covariant Lie derivative Lb can be 
written in Cartan form: 

Lb = IbD + Dib , (5.8) 
where D is the covariant derivative. 

The differential equations (I5.5p - (I5.7I) hold for any abelian twist defined by arbi- 
trary commuting vector fields Xa [24] . They reduce to the usual Seiberg- Witten dif- 
ferential equations [T] in the case of a Moyal-Groenewold twist, i.e. when Xa — )■ d^. 
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We can solve these differential equations order by order in 9 by expanding fi, e 
and $ in power series of 9 

h = VL + VL^ + n^ . . . + fi" . . . (5.9) 
i=e + e'^ +e^-... + e'' ... (5.10) 
$ = $ + $i + $2 ... + $'^... (5.11) 

where the fields Vt^, and $" are homogeneous polynomials in 6 of order n. By mul- 
tiplying the differential equations by 6*^^ and using the identities 9^^ -Qp^QT-^^ = 
(n + 1)^"'"'"^ and similar for e:"+^ and <|)"-+^, we obtain the recursive relations 

4(77, + Ij 
4(?7, + 1) 

e"+^ = ^^^{fiA,^Bf}:, (5.14) 

where for any field P (also composite, as for ex. {il^, iLs$}^), P" denotes its 
component of order n in 6. These recursion relations reduce to the ones found in 
ref. IH] in the special case of a Moyal twist. 

In the following we omit the hat denoting noncommutative fields, the -k and Aj, 
products, and simply write {,},[,] for {, }^, [ , 

If P and Q are forms in the adjoint representation of the gauge group (i.e. if 
SeP = —Pe + eP etc.) the following recursion relation for the product PQ holds 

m- 

j qAb 

^PQT^' = J^^^{{^a.ILb{PQ)} + 2LaPLbQ) . (5.15) 
Some other useful identities are [25] : 

O^^'LaLbP = -U^^'iRAB. P} (5.16) 
e^^'lLAnB = 9^''Rab (5.17) 
qAb j Tr[{nA.ILB{PQ)] + 2LaP LbQ) = e^"" j Tr({i?^B, (5-18) 

where Rab = iB^AR- Finally, using f l5.15p one can find the recursion relation for 
the curvature: 

i 9^^ / N n 

= ^M Qa.JLbR] - [Ra.Rb]) (5.19) 
A[n + 1) ^ ^ 

Some basic formulae of Cartan calculus, used in deriving the above identities, are 
listed in Appendix A. 
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6 The extended 0Sp{l\4:) supergravity action 

We now discuss the 9 expansion of the NC action f l4.ip , where the NC supermatrix 
fields O and $ have been substituted by their SW expansion in terms of the classical 
fields. 



6.1 The action is even in 6 

We first note that the SW map is such that: 

ffg = -C-^nJC = n^e, ^ Re = -C-^KjC = R_e (6.1) 
= C-i$^C = (6.2) 

where the 9 dependence is explicitly indicated as a subscript. The proof by induc- 
tion, using (15.1 2p and (I5.13p . is straightforward. Suppose that relations (16. ip hold 
up to order 6*". Then 

-C-i(f2^)^+^C = 



4(n + 1 



-{c-'ni cc-\iB^ + R)^ c + c-\iBn + R)e CQ-'ni cy 

I 

4(n + 1) 

= ftlV (6.3) 

Similarly one proves (16. 2p . Exploiting now the invariance of the NC action S under 
charge conjugation, proved in Section 4, and using the relations (16. ip and (16. 2 p one 
finally finds: 

Se = S'g = S.e (6.4) 
i.e. the NC action 5* is even in 9. Therefore the ^-expansion of 5* has the form: 

S = S^ + S^ + S^ + --- (6.5) 

and the first nonvanishing correction to the classical action is at order 9'^. 

Note that the relations (16. ip and (16. 2p imply the following conditions on the NC 
component fields: 

uf = uj%, V^ = V%, C^J = ^-. (6.6) 
ujQ = -uj_e, We = Vg^ = -V% (6.7) 

and 

7re = 7r_e, 0e = 0-e, 0e = 0%, C^e = C-e (6.8) 
0f = -C^„ re = -<P% (6.9) 

where the 9 dependence of the NC fields is indicated with a subscript. Thus in the 
limit 6* — )■ we see that only cj"^, and ijj survive in Vt, and only tt, 0, 0'* and 
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C survive in $, in agreement with the classical fields in (12 ■2p and (13. 3p . Note that 
Cip^ = ifj-g (and similar for Q is the noncommutative definition for a Majorana 
spinor [20l[23], consistent with the NC gauge transformations and reducing to the 
usual definition for ^ = 0. 

6.2 The action at order 

We can compute the 6"^ correction with the help of the recursion relations (I5.15P for 
composite fields, and the identities at the end of section 5. The result reads: 

^'^ = ^"nm + S%.'i>'i>m (6.10) 

with 

Sim = / ^T^^RABRcDRm + ]^{RcD. RR]Rab^ - 2RacRbd{RR, $} 

+ {Rab, LcR}LdR^ + {Rab, ^}LcRLdR^ + 2{Rac, LdR}[LbR, $] 

- {RcD, RaRb}R^ — {RcD, R}RaRb^ — Rab{RcRd, R}{^, Rab} 

+ RabLc{{RR)Ld^ + RRLcRabLd^ - 2La{RcRd){LbR.^} + 2LaR{LcLbR)Lo^ 

- LcRaLdRbR^ - 2RLc{RaRb)Ld^ - 2RLcRaLdRb^ 

+ 2iA{RcRD){{RB. R^} + [Rb, ^R]) + 2RaRbLcRLd^ + ARaRbRcRd^) (6.11) 

Sm<,m = / STr((^{i?c;D, {Rab, - {Rcd, {RaRb^, $}} 

+ {RcD, LaR{^, Lb^}] + {RcD, RLa^Lb^} + {Rcd, ^LaRLb^} - {{Rac, Rbd}, R^^} 
+ [LcRab, Ld{R^^)] + {Rab, LcRLd{^^) - RcRd^^ + RLc^Ld^} 

- [Lc{RaRb), Ld^ - {LcRaLdRb^, + {[ia{RcRd),Rb^I^} + LcLa{R^)LdLb^ 
+ {{LcLaR)Ld^ + {Rac, LdR}^ - La{RcRd^))Lb^ + La{R^){Rbc, Ld<^} 

+ {LcRLdLa^Lb^ + R{Rac, Ld<^})Lb^ + [Lc{LaRLb^),Ld^ 

+ {LcLaRLdLb^ + {Rac, LdR}Lb^ - La{RcRd)Lb^ + LaR{Rbc, Ld^}, ^})R^ 

+ 2{^{Rab, R^^} - {RaRb^, + LAiR^)LB<^ + {LaRLLb<^, $})(Lc/2L^$ - RcRd^) 

(6.12) 

These corrections to the classical 0Sp{l\4) action are invariant under local (ordi- 
nary) 05*^(114) gauge variations, as is manifest since all quantities appearing in 
5"^ are gauge covariant, and transform in the adjoint (i.e. as commutators with 
the gauge parameter). The SW map is designed to ensure this invariance: to find 
explicitly gauge invariant corrections, order by order in 6, is a powerful check on 
the computations. 

To recover the usual = 1, D = 4 AdS supergravity (without auxiliary fields) 
in the 9^0 limit one still needs to break 05*^(114) to its Lorentz subroup. This 
is done exactly as in the classical case, by choosing the gauge where $ becomes 
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the constant supermatrix T defined in fl2.15p (the constrained auxihary fields take 
constant values). This gauge breaks translations and supersymmetry. We have seen 
how supersymmetry can be uncovered in the classical {9 = 0) gauge fixed action. 
The question whether a hidden supersymmetry is present also in the gauge fixed 
extended (6* 7^ 0) action is left to future investigations. 



7 Conclusions 

The fascinating idea that (super)gravity has some kind of conformal phase, before 
breaking occurs and dimensionful constants emerge is rather old and the 05*^(4 11) 
actions we have been discussing are part of this idea. We have presented a non- 
commutative extension of 0Sp{4:\l) supergravity, which, through the use of the 
Seiberg-Witten map (adapted to abelian twists and suitably "geometrized" ) , pro- 
duces a higher derivative supergravity in D = 4, with constrained auxiliary fields. 
This extended theory is invariant under the whole supergroup 0Sp{l\4). In our ap- 
proach noncommutativity is really used as a guide to construct an extended, locally 
supersymmetric higher derivative theory with the same symmetries of its classical 
limit. 
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A Cart an formulae 

The usual Cartan calculus formulae simplify if we consider commuting vector fields 
Xa, and read 

£a = lAd + diA , La = iaD + Dia (A.l) 

[£aAb\=Q , [La,Lb\=iaIbR (A.2) 

[^a,^b] = , [LaM = ^ (A.3) 

U^b + «bU = , rfod = 0, DoD = R (A.4) 



B Gamma matrices in D = 4 

We summarize in this Appendix our gamma matrix conventions in D = 4. 



r/afe = (1, -1, -1, -1), {7a, 7b} = 2r7afe, [7a,76] = 27ab, (B.l) 

75 = ^7o7i7273 , 7575 = 1, £0123 = = 1, (B.2) 

7I = 7o7a7o, 75 = 75 (B.3) 

7r = -C7aC-\ jI = C^,C-\ C' = -1, C^ = C^ = -C (B.4) 
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B.l Useful identities 



lalb = 'yah + Vab 

^ c 
labl5 = -^abcdl 



(B.5) 



cd 



(B.6) 



7a67c = Vbc'Ja - Vac^Jb " i^abcd'JbY 
Iclab = Vaclb - Vbcla " i^^abcdlbY 
lalblc = Vablc + Vbcla " Vaclb " iSabcdlbl' 



(B.7) 
(B.8) 
(B.9) 




(B.IO) 
(B.ll) 
(B.12) 



where = |((^c^d — '^c'^S)' ^alc = j\i.KK^c + 5 terms), and indices antisymmetriza- 
tion in square brackets has total weight 1. 

B.2 Charge conjugation and Majorana condition 
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